Introduction
There are now many papers dealing with approximation of real-valued functions by linear combinations of a single function. At its simplest, this approach consists of selecting a function h : IR n ! IR in some appropriate function class and points a 1 ; : : :; a m 2 IR n . The approximating subspace is then H = spanfh( ? a i ) : i = 1; : : :; mg:
This subspace may now be used for the purposes of approximation and interpolation either over the whole of IR n , or over some subset of IR n . Let us now make the discussion more concrete by assuming is a compact subset of IR n , and we are interested in approximation in the space C( ). One of the rst questions which arises is that of density. If the number of points is allowed to grow, and if these points somehow ll out the whole of , then can 0 This version produced at 14:51 on August 1, 1997 we approximate any function f 2 C( ) to arbitrary accuracy by functions in H? A neat way to pose this problem is to set H = spanfh( ? y) : y 2 g; and to ask whether H is dense in C( ), where the density is measured in the supremum norm.
An important special case of the above is as follows. Let k k 2 denote the usual Euclidean norm in IR n . Let 2 C(IR), and set h(x) = (kxk 2 ) for x 2 IR n . Then h 2 C(IR n ) and is a radial function. The translates of such a function have very good properties with regard to interpolation (Micchelli 4] ). They also have good properties with regard to approximation (Brown 1]). It is perhaps remarkable that both the interpolation and the density results depend on the function possessing the same property of conditional positive de niteness. For a uni ed treatment of these two results, see Light 3] .
Our purpose here is to investigate density properties of translates of a single function, but our density will be measured with a Sobolev norm. Let be a compact subset of IR n .
Let r 2 ZZ + and de ne C r ( ) = ff : IR n ! IR : D f 2 C( ) whenever j j rg:
There are several equivalent ways of imposing a norm on this space; we will use kfk = X 2Z Z n + j j r kD fk 1 ; f 2 C r ( ):
The situation considered by Brown can be regarded as studying the r = 0 case. Our results will show that simultaneous approximation of the function and its derivatives is also possible.
We conclude this section with some notation and a few elementary observations. We will use standard multi-index notation throughout. The set of all positive de nite functions on IR n will be denoted by P. Thus f 2 P if the expression We alert the reader that both the Fourier transform and its inverse are to be interpreted in the distributional sense whenever necessary. We use S to denote the space of in nitely di erentiable and rapidy decreasing functions, and S 0 to denote the space of tempered distributions (continuous, linear functionals on S). It is well-known that the Fourier transform is a one-to-one, continuous operator from S 0 onto S 0 . Bochner The correspondence between and h will sometimes be made explicit by the notation h .
The Lebesgue decomposition theorem tells us that each 2 M can be written in a unique way as
where a is absolutely continuous, and s is singular with respect to Lebesgue measure on IR n .
Let X be a normed linear space, and A a subset of X. If the linear span of A is dense in X, we say that A is fundamental in X. Part of our work depends on a representation theorem for linear functionals on C r ( ). 
Results
We begin by examining some properties of derivatives of positive de nite functions. We say that a multi-index = ( 1 ; : : :; n ) is even if each j is a positive even integer, or is zero. This implies that V 2 L 1 ( h ). Case 2: the multi-index is not even. In this case we write V (t) = t 1 1 : : :t k k t k+1 k+1 : : :t n n :
Without loss of generality, we assume that 1 ; : : :; k are odd and k+1 ; : : :; n are even or zero. We may further assume that 1 j for all 1 j k. Under these assumptions,
where is the even multi-index de ned by = (0; 2 ? 1 ; : : :; k ? 1 ; k+1 ; : : :; n ):
Again, it is helpful to distinguish two subcases. h(x) 6 = 0 for x 2 E. The desired result now follows from Corollary 2.7.
